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Abstract 

The two-loop (Euler-Heisenberg-type) effective action for M = 2 supersymmet- 
ric QED is computed using the M = 1 superspace formulation. The effective action 
is expressed as a series in supersymmetric extensions of F 2n , where n = 2,3,..., 
with F the field strength. The corresponding coefficients are given by triple proper- 
time integrals which are evaluated exactly. As a by-product, we demonstrate the 
appearance of a non-vanishing F A quantum correction at the two-loop order. The 
latter result is in conflict with the conclusion of hep-th/9710142 that no such quan- 
tum corrections are generated at two loops in generic N = 2 SYM theories on the 
Coulomb branch. We explain a subtle loophole in the relevant consideration of 
hep-th/9710142 and re-derive the F 4 term from harmonic supergraphs. 



1 Introduction and outlook 



In our recent paper [1], a manifestly covariant approach was developed for evaluating 
multi-loop quantum corrections to low-energy effective actions within the background 
field formulation. This approach is applicable to ordinary gauge theories and to super- 
symmetric Yang-Mills theories formulated in superspace. Its power is not restricted to 
computing just the counterterms - it is well suited for deriving finite quantum corrections 
in the framework of the derivative expansion. More specifically, in the case of supersym- 
metric Yang-Mills theories, it is free of some drawbacks still present in the classic works 
[2] (such as the splitting of background covariant derivatives into ordinary derivatives plus 
the background connection, in the process of evaluating the supergraphs). 

As a simple application of the techniques developed in [1], in this note we derive the 
two- loop (Euler-Heisenberg-type [3, 4, 5]) effective action for Af = 2 supersymmetric QED 
formulated in Af = 1 superspace. This is a supersymmetric generalization of the two-loop 
QED calculation by Ritus [6] (see also follow-up publications [7, 8, 9, 10, 11]). It is curious 
that the two-loop QED effective action [6] was computed only a year after the work by 
Wess and Zumino [12] that stimulated widespread interest in supersymmetric quantum 
field theory. To the best of our knowledge, the Ritus results have never been extended 
before to the supersymmetric case 1 . 

Our interest in Af = 2 SQED, and not the 'more realistic' Af = 1 SQED, is motivated 
by the fact that there exist numerous ( AdS/CFT-correspondence inspired) conjectures 
about the multi-loop structure of (Coulomb-branch) low-energy actions in extended su- 
perconformal theories, especially the Af = 4 SYM theory, see, e.g. [13] for a discussion 
and references. None of these conjectures are related to Af = 2 SQED which is, of course, 
not a superconformal theory. We believe, nevertheless, that the experience gained and 
lessons learned through the study of Af = 2 SQED should be an important stepping stone 
towards testing these conjectures. 

An unexpected outcome of the consideration in this paper concerns one particular 

conclusion drawn in [14] on the basis of the background field formulation in Af = 2 

harmonic superspace [15]. According to [14], no F 4 quantum correction occurs at two 

loops in generic Af = 2 super Yang-Mills theories on the Coulomb branch, in particular 

in Af = 2 SQED. However, as it will be shown below, on the basis of the background field 

1 At the component level, the two-loop effective action (5.24) is not just a combination of the Ritus 
results for scalars and spinors [6] because of the presence of quartic scalar and Yukawa couplings in TV = 2 
SQED. 



1 



formulation in Af = 1 superspace, there does occur a non- vanishing F 4 two-loop correction 
in Af = 2 SQED. Unfortunately, the analysis in [14] turns out to contain a subtle loophole 
related to the intricate structure of harmonic supergraphs. A more careful treatment of 
two-loop harmonic supergraphs, which will be given in the present paper, leads to the 
same non-zero F 4 term in Af = 2 SQED at two loops as that derived using the Af = 1 
superfield formalism. 

Some time ago, Dine and Seiberg [16] argued that the F 4 quantum correction is one- 
loop exact on the Coulomb branch of Af — 2, 4 superconformal theories. It was also shown 
[17, 18] that there are no instanton F 4 corrections. The paper [14] provided perturbative 
two-loop support for the Dine-Seiberg conjecture. Since the two-loop F 4 conclusion of 
[14] is no longer valid, it would be extremely interesting to carry out an independent 
calculation of the two-loop F 4 quantum correction in Af = 2 superconformal theories (it 
definitely vanishes in Af = 4 SYM). 

The present paper is organized as follows. In section 2 we review, following [1], the 
structure of exact superpropagators in a covariantly constant Af = 1 vector multiplet 
background. Section 3 contains the Af = 2 SQED setup required for the subsequent 
consideration. The one-loop effective action for Af = 2 SQED is reviewed in section 4. 
The two-loop effective action for Af = 2 SQED is derived in section 5 - the main original 
part of this work. In section 6 we re-derive the two-loop F 4 quantum correction using the 
harmonic superspace formulation for Af = 2 SQED. The salient properties of the Af = 1 
parallel displacement propagator are collected in appendix. 

2 Exact superpropagators 

In this section we review, following [1], the structure of exact superpropagators in a covari- 
antly constant Af = 1 vector multiplet background. Our consideration is not restricted to 
the U(l) case and is in fact valid for an arbitrary gauge group. The results of this section 
can be used for loop calculations, in the framework of the background field approach, of 
special sectors of low-energy effective actions in generic Af = 1 super Yang-Mills theories. 
They will be used in the next sections to derive the two-loop (Euler-Heisenberg-type) 
effective action for Af = 2 SQED. 

Green's functions in Af = 1 super Yang-Mills theories are typically associated with 
covariant d'Alembertians constructed in terms of the relevant gauge covariant derivatives 

V A = (V a ,V a ,V«) = D A + iA A (z) , (2.1) 
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with Da the flat covariant derivatives 2 , and Aa(z) the superfield connection taking its 
values in the Lie algebra of the gauge group. So we start by recalling the algebra of gauge 
covariant derivatives: 

{V a ,V p } = {f> & ,f> $ } = , {V a ,V $ } = -2iV a$ , 
[V a , V p$ ] = 2ie a p W $ , [D & , = 2ie^ Wp , 
[Poa, V p$ ] = VF^ = -e af3 V«W $ - e &$ V a Wp . (2.2) 

Here the spinor field strengths W a and VVq, obey the Bianchi identities 

V A W a = , V a W a = . (2.3) 

There are three major d'Alembertians which occur in covariant supergraphs [20]: (i) 
the vector d'Alembertian D v ; (ii) the chiral d'Alembertian and (iii) the antichiral 
d'Alembertian □_. The vector d'Alembertian is defined by 

□ v = V a V a - W a V a + (2.4) 

A v «v 2 v a + ^{v 2 , v 2 } - w a v a - l -{v a w a ) 
= -\v h v 2 v h + -"-{£>*, v 2 } + mv« + \(v«w & ) . 

o lb Z 

Among its important properties are the identities 

^[V 2 ,V 2 ] = D v + l -VJ) a «V a = -D v - l -V a V™V« . (2.5) 

The covariantly chiral d'Alembertian is defined by 

□+ = V a V a - W a V a - X - (V a W a ) , □+$ = ^ V 2 V 2 <$> , V^ = 0. (2.6) 

As can be seen, the operator □+ acts on the space of covariantly chiral superfields. The 
antichiral d'Alembertian is defined similarly, 

□_ = V a V a + + - (P«W a ) , = — V 2 t> 2 § , V a $ = . (2.7) 

The operators □+ and □_ are related to each other as follows: 

V 2 o + = n^v 2 , v 2 n_ = o + t> 2 . (2.8) 

Additional relations occur for an on-shell background 

v a w a = o — ► v 2 □+ = v 2 n v = n v v 2 , v 2 □_ = v 2 n v = n v v 2 . (2.9) 

2 Our TV = 1 notation and conventions correspond to [19]. 
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In what follows, the background vector multiplet is chosen to be covariantly constant and 
on- shell, 

V a Wp = 0, V a W a = 0. (2.10) 

It is worth noting that the first requirement here implies that the Yang-Mills superfield 
belongs to the Cartan subalgebra of the gauge group. 

Associated with D v is a Green's function G(z, z') which is subject to the Feynman 
boundary conditions and satisfies the equation 

(□ v - m 2 ) G(z, z') = -1 5 8 (z - z') . (2.11) 

It possesses the proper-time representation 

oo 

G(z, z') = i J dsK(z,z'\s)e- i{m2 - i£)s , e -> +0 . (2.12) 
o 

The corresponding heat kernel 3 [1] is 

K[Z ' AS) = " Jttsf GK) " W ^ el"-'T /(r, /) , (2.13) 

where the determinant is computed with respect to the Lorentz indices, 

U(s) = exp { - is( W a V a + W d V A ) } , (2. 14) 

and I(z, z') is the so-called parallel displacement propagator, see the Appendix for its 
definition and basic properties. The supersymmetric two-point function ( A (z, z') = 
—( A (z',z) = (p a ,( a Xa) is defined as follows: 

P a = (x- x'y - i(0 - e')a a e' + \e'a a {e-e') , c = {o - o'T , C* = (0-0% ■ (2.15) 

Let us introduce proper-time dependent variables \P(s) = U(s) ^ U(— s). With the nota- 
tion 

MJ 3 = V a W p , ft J* = V & W^ , trA" = trA" = , (2.16) 
for the buiding blocks appearing in the right hand side of (2.13) we then get 

W a (s) = (We- isAf ) a , VT(s) = (We~ isM f , 

C°(s) = C° + (W — ^) , C °( a )= C «_(w— ^) , (2.17) 

Pad(s) Pad 

3 This heat kernel was first derived in the Fock-Schwinger gauge in [21]. 
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One also finds [1] 

U(s)I(z,z')=ex V { J*dtZ(((t),W(t),W(t))}l(z,z') , (2.18) 
where S(C(s), W(s), W(s)) = U(s)Z((,W,W)U(-s) and 

- (W 2 - -pW) -\C 2 (W 2 - \(VW 2 ) . (2.19) 

In the case of a real representation of the gauge group, the Green's function G(z, z') 
should be realizable as the vacuum average of a time-ordered product, 

G(z, z') = i (0|T (e(z) £ V)) |0) i (E(z) £ V)> , 

for a real quantum field S(z). Therefore the corresponding heat kernel should possess the 
property 

K(z',z\s) = K T (z,z'\s) . (2.20) 

As is seen from (2.13), this property is only obvious for the sub-kernel K(z,z'\s) defined 
by 

K(z, z\s) = U(s) K(z, z'\s) . (2.21) 

However, using the properties of the parallel displacement propagator listed in the Ap- 
pendix, one can show 

{W a V a + W^V d )k{z,z'\s) =K(z,z'\s)(T>' a W to +X^ W 6 ) , (2.22) 

and this in fact implies (2.20). 

Associated with the chiral d'Alembertian □+ is a Green's function G + (z, z'\s) which 
is covariantly chiral in both arguments, 

V,, G+(z, z') = V'a G+(z, z') = 0, (2.23) 
is subject to the Feynman boundary conditions and satisfies the equation 

(□+ - m 2 ) G + (z, z') = -1 S + (z, z') , 1 5 + (z, z') = --V 2 1 5\z - z') . (2.24) 
Under the restriction V a W a = 0, this Green's function is related to G(z, z') as follows: 

G+(z, z>) = -\v 2 G(z, z>) = -\v' 2 G(z, z') . (2.25) 

5 



The corresponding chiral heat kernel 4 turns out to be 

K + Ms) = -\v 2 K(z,z>\s) = -j^y^det (J^) U(a) 

x C 2 exp (^p^coth(s^) p - l -p a Wa a () I(z, z') . (2.26) 

It is an instructive exercise to check, using the properties of the parallel displacement 
propagator given in the Appendix, that K + (z, z'\s) is covariantly chiral in both arguments. 
For completeness, we also present the antichiral-chiral kernel 

±*vk M .) = -(^H^) u(s) 

x exp (-^p P coth(sF) p + Riz,^ I {z,z') , (2.27) 

where 

R(z,z') = -i p -(Wa a c + C^w) + i(C 2 CW-C 2 CW) 

+^Paa(C( $ T)pW« + 5(PCVpW a ) , (2.28) 
and p a is a 'left antichiral/right chiral' variable 

p a = p a -i (at , P/3 P a = V' $ p a = . (2.29) 

The parallel displacement propagator is the only building block for the supersymmet- 
ric heat kernels which involves the naked gauge connection. In covariant supergraphs, 
however, the parallel displacement propagators, that come from all possible internal lines, 
'annihilate' each other through the mechanism sketched in [1]. 

A very special and extremely simple type of background field configuration, 

V a Wp = , (2.30) 

is suitable for computing exotic low-energy effective actions of the form 

J d 8 zL(W,W) + ( j d 6 zP(W) + c.c.) , (2.31) 

which are of some interest in the context of the Veneziano-Yankielowicz action [23] and 
its recent generalizations destined to describe the low-energy dynamics of the glueball 
superfield S = tr W 2 . Under the constraint (2.30), the kernel (2.13) becomes 

K(z, z'\s) = e^ 2/4s 5 2 (C - is W) 5 2 (( + is W) I(z, z') , (2.32) 

(Airs) 

4 In the U(l) case, the chiral heat kernel was first derived in a special gauge in [22]. 
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while the chiral kernel (2.26) turns into 5 

K + (z, z'\s) = -j^y e lp2/4s 5 2 (( - is W) e* sW2 «" +is ^ 2 1(z, z') . (2.33) 
Here the parallel displacement propagator is completely specified by the properties: 

I{z',z)V a J{z,z') = -i(CaWd + W Q Cd) , 

I(z',z)V a I(z,z') = -^p ade W« + ^UW + ( 2 W a ) , (2.34) 

I(z',z)V dc I(z,z') = -l Pad w a -^(CdC>v + c 2 w A ) . 



3 N = 2 SQED 

The action of Af = 2 SQED written in terms of Af = 1 superfields is 
*Ssqed = ^ J d 8 z + 1 1 d 6 z W"W a 

+ 1 d 8 ^ (ge^g + g e ^g) + (i / d 6 ^g$g + c.c.) , (3.1) 

where W a = —^D 2 D a V. The dynamical variables $ and V describe an Af = 2 Abelian 
vector multiplet, while the superfields Q and g constitute a massless Fayet-Sohnius hy- 
permultiplet. The case of a massive hypermultiplet is obtained from (3.1) by the shift 
$ — > $ + m, with m a complex parameter. 6 Introducing new chiral variables 

Q = exp (i^x) ( ? ) , (3.2) 

with it = (<7i, (72, (T3) the Pauli matrices, the action takes the (real representation) form 

^sqed = ^Jd 8 z$<S> + ^J d 6 zW a W a 

+ J d 8 zQ t e y<T2 Q + ^( J d 6 ^$Q T Q + c.c.) . (3.3) 

We are interested in a low-energy effective action T[W, $] which describes the dynam- 
ics of the Af = 2 massless vector multiplet and which is generated by integrating out the 

5 A simplified version of the chiral kernel (2.33) has recently been used in [24] to provide further support 
to the Dijkgraaf-Vafa conjecture [25]. 

6 The action of Af — 1 SQED is obtained from (3.1) by discarding $ as a dynamical variable, and 
instead 'freezing' $ to a constant value m. 
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massive charged hypermultiplet. More specifically, we concentrate on a slowly varying 
part of r[W, <3>] that, at the component level, comprises contributions with (the super- 
symmetrization of) all possible powers of the gauge field strength without derivatives. Its 
generic form is [29] 

T[W, *] = (<*/ d 6 z W 2 In £ + c.c.) + / d 8 ^ 5^ , (3.4) 

where 

- 9 1 of W 2 N 9 1 -,/ W 2 X , x 

/i is the renormalization scale and Q some real analytic function. The first term on the 
right hand side of (3.4) is known to be one-loop exact in perturbation theory, while the 
second term receives quantum corrections at all loops. 

To evaluate quantum loop corrections to the effective action (3.4), we use the Af = 1 
superfield background field method in its simplest realization, as we are dealing with an 
Abelian gauge theory. Let us split the dynamical variables as follows: $ — > $ + tp, V — > 
V + v, Q — > Q + q, where $, V and Q are background superfields, while tp, v and q are 
quantum ones. As is standard in the background field approach, (background covariant) 
gauge conditions are to be introduced for the quantum gauge freedom while keeping intact 
the background gauge invariance. Since we are only interested in the quantum corrections 
of the form (3.4), it is sufficient to consider simple background configurations 

daWp = D a W a = , D a $ = 0, Q = 0. (3.6) 

Upon quantization in Feynman gauge, we end up with the following action to be used for 
loop calculations 

1 f 1 

^quantum = ^ J d 8 Z (tptp - - V Dvj 

+ J d 8 ^qV (T2 q+^( J d 6 ,2 ($ + v?) q T q + c.c.) , (3.7) 

with □ = d a d a - It is understood here that the quantum superfields q and q^ are back- 
ground covariantly chiral and antichiral, respectively, 

P^q = , 2W = . (3.8) 

From the quadratic part of (3.7) one reads off the Feynman propagators 
i(q(^qV)> = ±V 2 V' 2 G(z,z') , 
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i(q(*)qV)> = \$T> 2 G(z,z') = hv> 2 G(z,z'), (3.9) 
i (<p(z)q>W) = -y Q D 2 D' 2 75 5 ^ z - *"> = -hp 2D ' 2 {v{z)v{z>)) ' 
\{v{z)v{z')) = P 8 (z-z') = -^j™^e lp2/4u t 2 (0m- 

Here the Green's function G(z, z') transforms in the defining representation of 5*0(2) = 
U{\), and satisfies the equation (2.11) with m 2 = $$. It is given by the proper-time 
representation (2.12) with the heat kernel K(z,z'\s) specified in (2.13). It is understood 
that the field strengths W Q , Wa and their covariant derivatives (such as jF ab ) are related 
to W a , W a as follows 

W a = W a a 2 , W a = W a a 2 . (3.10) 



4 One-loop effective action 

For the sake of completeness, we discuss here the structure of the one-loop effective action 
[26, 21, 27, 28, 29]. Its formal representation is (see [19] for more details) 

rone-ioop = -^J^TrK + (s)e-^> , (4.1) 

^ ' 

where u is the regularization parameter {uj — > at the end of calculation), and /i the 
normalization point. The functional trace of the chiral kernel is defined by 

Tr K+(s) = J d 6 ztiK+(z,z\s) . (4.2) 
Using the explicit form of the chiral kernel (2.26), we obtain 



1 r, , i \ i TT , 2 sin 2 (s5/2) 
-tr K + (z,z\s) = -— ;W 2 



det ( • ff ^ ) , (4-3) 



2 +v ' 1 ; (4tt) 2 (sB/2) 2 \ {smhisF))' 
where we have introduced the notation 

£? 2 = itriV 2 , Nj = D a W P ; B 2 = ^trN 2 , = D a W^ . (4.4) 
For the background superfields under consideration, we have 

B 2 = -D 2 W 2 , B 2 = -D 2 W 2 . (4.5) 
4 4 
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The latter objects turn out to appear as building blocks for the eigenvalues of F — (F a b ) 
which are equal to ±A + and ±A_, where 



A ± = i(S ± B) , IB 2 = F ab F ab + l -e abcd F ab F cd . (4.6) 



This gives 



\ ^sinh(sF) J = sinh(sA + ) sinh(sA_) ' { ' 



Now, the effective action takes the form 



r„«-,„„ P _-gL|J|L/d«* 11/2 T(sB - sB) e "" it_ ' el * ' (4 - 8) 

where 

T(x,y) = C -^f± X2 ~ y2 , T(x,0)=0. (4.9) 
x 2 cos x — cos y 

Introducing a new function ((x,y) related to T by [29] 

9 >/ V 2 (cos x — 1) — x 2 (cosy — 1) 

T(x,y)-l = -y 2 C(x,y), ((x,y ) = C(y,x = ~ 2 2 , " T " 4 -!0 

x 2 y 2 (cosx — cosy) 

allows one to readily separate a UV divergent contribution and to represent the finite part 
of the effective action as an integral over the full superspace. Making use of eq. (4.5) and 
the standard identity 

~Jd 6 zD 2 L = Jd s zL, 
for the renormalized one-loop effective action 7 one ends up with 



"onc-ioop = J d 6 zW 2 In^- + c.c. 

W 2 W 2 



1 r W 2 W 2 °r 
+— J d 8 , w ~ J dss((s%s*)e-^ , (4.11) 

v ' o 

with * and * defined in (3.5). 

7 In deriving the effective action (4.11), we concentrated on the quantum corrections involving the 
TV = 1 vector multiplet field strength and did not take into account the effective Kahler potential 
K($, $) = --pip-$$ln(l>$/^ 2 ) = <S.F'(<j>) + generated by the holomorphic Seiberg potential 

T{<&) = — $ 2 ln($//x), as well as higher derivative quantum corrections with chiral superfields. A 
derivation of K(<&, $) using the superfield proper-time technique was first given in [30, 19], see also more 
recent calculations [31, 32] based on conventional supergraph techniques. The leading higher derivative 
quantum correction with chiral superfields was computed in [30] . 
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5 Two-loop effective action 



We now turn to computing the two-loop quantum correction to the effective action. There 
are three supergraphs contributing at two loops 8 , and they are depicted in Figures 1-3. 




Figure 1: Two- loop supergraph I 




Figure 2: Two-loop supergraph II 




The contribution from the first two supergraphs is 

Ti+ii = Y*l d * z l d 8 z'(v(z)v(z'))tr{(t> 2 V 2 G(z,z')) [V 2 ,V*]G(z' , z)} . (5.1) 
The third supergraph leads to the following contribution 

Tm = ¥ J***fMWM^)Mtr{(&G{z,z!))l?G(z!,z)} . (5.2) 

8 There is actually one more two-loop supergraph, the so-called 'eight' diagram, generated by the 
quartic vertex | J d 8 zq f !) 2 q; its contribution is obviously zero. 
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It turns out that the expression for T I+n can be considerably simplified using the 
properties of the superpropagators and their heat kernels, which were discussed in sect. 
2. Since 

V 2 G(z, z') = V' 2 G(z, z') , V 2 G(z, z') = V' 2 G(z, z') , 

we have 

V 2 V 2 G{z,z') = V' 2 V' 2 G{z,z') , 

and therefore 

[V 2 , V 2 } G(z, z ) = - [V' 2 , V' 2 } G(z, z') . (5.3) 
The latter relation in conjunction with the symmetry property 

(v(z)v(z')) = (v(z')v(z)) , G(z, z>) = (G(z', z)) T (5.4) 

leads to the new representation for Ti+n 

r I+n = ^ / d 8 ^ J d 8 z'(v(z)v(z'))tr{([V 2 ,V 2 ]G(z,z')) [V 2 , V 2 ] G(z',z)} . (5.5) 

In accordance with (2.5), we can represent 

-^[D 2 , V 2 ] = l -V^V a - l -V a V a «V« , (5.6) 

and this identity turns out to be very useful when computing the action of the com- 
mutators of covariant derivatives in (5.5) on the Green's functions. A direct evaluation 
gives 



±[V 2 ,V 2 ]K(z,z>\s) « ^fet(^)(p^ T ) aQ C a ( S )a( S ) 

x e* p:Fcoth ^ p I(z,z') , (5.7) 

where we have omitted all terms of at least third order in the Grassmann variables ( a , 
and W a , Wa as they do not contribute to (5.5). It is easy to derive 



/ 2J 7 \aa - F sinh(sF + ) sinh(sF_) . . 

where 



C=C=o r sinh(sF) F + 



y a = Wa a W, F± = -(F±iF) , (5.9) 
with F the Hodge-dual of F. Here we have taken into account the fact that T = F a 2 . 
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As the propagator (v(z)v(z')) contains the Grassmann delta-function 5 2 (()5 2 ((), the 
integral over 9' in (5.5) can be trivially done. Replacing the bosonic integration variables 
in (5.5) by the rule {x, x'} — > {x, p}, as inspired by [6], we end up with 



r> CO CO CO 



det , 



(4tt) 6 7 7 J J u 2 \\ Vsinh(sF) sinh(tF); 

sin(sB/2) sin( S E/2) smgg/2) smgg/2) 

sB tB tB 1 ' J 

2 ipAp/4 



x [d 4 p(p — - . . — — — — p) e lf 

J p v sinh(sF) sinh(tF) F / 

where 

A = Fcoth(sF) + Fcoth(tF) + - . (5.11) 

u 

The parallel displacement propagators that come from the two Green's functions in (5.5) 
annihilate each other, in accordance with (A. 5). 

Using the explicit structure of the chiral kernel (2.26), it is easy to calculate the 
contribution from the third supergraph 



CO CO CO ^ . ^ , ^ ^ . - 

(h I d " WW J dS ! At Jii ^ ( sinh( S F) S inM t F) ) 
x {f ing^2) s^nW) + (s ^ ()} $$ e _ 1(t ,_, e) , +() (5 12) 

x | d 4 pe ipAp/4 . 

Following the non-supersymmetric consideration of Ritus [6] , it is useful to introduce 
the generating functional of Gaussian moments 

Z{P] = Wfl d 4 Pexp{ip„^p» + ip a/ ,»} = -^_e-*--' , (5.13) 

where A is defined in (5.11) and is such that r\A = (i] a bA b c ) is symmetric, with r] a b the 
Minkowski metric. From this we get two important special cases: 

/dV^ = Z( 0) = (5.14) 



(ilp/^^'-W^U = (5 ' 15) 

These results allow us to do the Gaussian p-integrals in (5.10) and (5.12). 
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As a next step, we have to compute the determinant of A, with A defined in (5.11), 
as well as the expression 

F F 



tr 



A' 1 



sinh(sF) sinh(tF) 

which appears in (5.10) after having done the p-integral. Recalling the eigenvalues of 
F = (F a b ) given in eq. (4.6), we obtain 

1 1 



where 



With the notation 



we also get 



VdrtA (w 1 + a+)(u- 1 + a_) ' 
a± = \± coth(sA ± ) + A± coth(iA±) . 

i s\± t\± 



P± = ~ 



st sinh(sA±) sinh(£A±) 



(5.16) 

(5.17) 
(5.18) 



1 

2"' 



sinh(sF) sinh(tF) Fcoth(sF) + Fcoth(tF) + u- 1 



+ 



P_ 



u 1 + a + u~ l + a 



(5.19) 



With the old result (4.7), all the building blocks in (5.10) and (5.12) thus become simple 
functions of the B and B. 

The proper-time w-integrals in (5.10) and (5.12) are identical to the ones considererd 
by Ritus [6]. Two integrals occur 



h(s,t) 



du 



v? (u 1 + a + ){u 1 + a J) 

°rdu 1 / P + | P_ 

J u 2 (w -1 + a + )(-u _1 + a_) yu^ 1 + a + u~ l + a_ 

and their direct evaluation gives 

h(s,t) = _J_lnfe), 
a + — a_ v a_ y 

T, S 1 P +\ P +- P - , ( a +\ 



(5.20) 
(5.21) 



a + 



(5.22) 
(5.23) 



14 



However, the expressions obtained do not make manifest the fact that the two-loop effec- 
tive action 



oo 



Wioop = r I+II + r m = -j^— 4 J d s zw 2 w 2 j ds J dte -K^)(s + t) 



X 



X 



+ 



(Any 

s\ + sA_ t\ + tA_ 



sinh(sA + ) sinh(sA_) sinh(tA + ) sinh(tA_) 
( sm(sB/2) sm(sB/2) smgg/2) sm(tB/2) 

V sB/2 sB/2 tB/2 tB/2 21 ' 1 1 ' 1 



(sm 2 (sB/2) sin 2 (tB/2) r . ^ 



is free of any divergences, unlike the two-loop QED effective action [6]. This is why 
we would like to describe a different approach to computing the proper-time integrals, 
which is most efficient for evaluating effective actions in the framework of the derivative 
expansion. 

The integrands in (5.20) and (5.21) involve two or three factors of (w -1 + a±) _1 , with 
a± defined in (5.17). With the notation x = st/u, one can represent 

^ {l+ft-^^R^M^M)"} , (5.25) 

where 

C±(s) = A± coth(sA ± ) - - (5.26) 

is regular at s = 0. Using these decompositions and replacing the integration variable 
u — > x = st/u, one can easily do the integrals (5.20) and (5.21). Now, if one takes into 
account the explicit form of P±, see eq. (5.18), as well as the structure of the effective 
action (5.24), it is easy to see that all the remaining proper-time s- and t-integrals are of 
the following generic form (after the Wick rotation s = —is and t = —it) 

7 d ~ s 7 d t §mt ~" - (m + n+1 ~ p)!m!n! 1 „ > o f 5 27) 

with m, n and p non-negative integers such that p < m + n + 1. 

Recently, Dunne and Schubert [33] obtained closed-form expressions for the two-loop 
scalar and spinor QED effective Lagrangians in the case of a slowly varying self- dual 
background. In the supersymmetric case, the effective action vanishes for a self-dual 
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vector multiplet. Nevertheless, the results of [33] may be helpful in order to obtain a 
closed-form expression for a holomorphic part of the two-loop effective action (5.24) 



r WW 

rholomorphic / d Z ^p^{A(^ 2 ) + A(^ 2 )} , (5.28) 

with \I> 2 and \I> 2 defined in (3.5). 

The effective action (5.24) contains supersymmetric extensions of the terms F 2n , where 
n = 2, 3, . . ., with F the electromagnetic field strength. Of special importance is the 
leading F A quantum correction, whose manifestly supersymmetric form is 

f o W 2 W 2 

C J dz l^- (5 ' 29) 
It can be singled out from (5.24) by considering the limit B, B — > in conjunction with 

r du 1 2 r du 1 

l[S,t} ^ J V? (u-l + S^+t- 1 ) 2 ' 2(S ' t] ^ 7t J V? (U- 1 + S- 1 + t-!)3 ' 



Direct evaluation, with use of (5.27), gives 

e 2 

Ctwo-ioop = 2(47r) 4 ' (5.30) 

This result turns out to be in conflict with a prediction made in [14] on the basis of the 
background field formulation in Af = 2 harmonic superspace [15]. According to [14], no 
F 4 quantum correction occurs at two loops in generic Af = 2 super Yang-Mills theories 
on the Coulomb branch. 

Unfortunately, the consideration of [14] contains a subtle loophole. Its origin will be 
uncovered in the next section. It will also be shown that a careful evaluation of two-loop 
Af = 2 harmonic supergraphs leads to the same result (5.30) we have just obtained from 
Af = 1 superfields. 

6 The two-loop F A quantum correction from harmonic 
supergraphs 

In this section, we will re-derive the two-loop F A quantum correction using an off-shell 
formulation for Af = 2 SQED in harmonic superspace 



16 



The M = 2 harmonic superspace R 4 ' 8 x S 2 extends conventional superspace, with 
coordinates z M = (x m ,0?,0£), where % = 1,2, by the two-sphere = SU(2)/U(1) 
parametrized by harmonics, i.e., group elements 

(u~ , Ui + ) e SU(2) , uf = e ijU +j , U+ 1 = u~ , = 1 . (6.1) 

The main conceptual advantage of harmonic superspace is that both the M = 2 Yang- 
Mills vector multiplets and hypermultiplets can be described by unconstrained super- 
fields over the analytic subspace of R 4 ' 8 x S 2 parametrized by the variables ( M = 
(x™, 9 +a , uf,uj), where the so-called analytic basis is defined by 

xl = x m + 2i 9^a m 9^u+uj , 0± = uf9\ , 0± = uf9\ . (6.2) 

The M = 2 Abelian vector multiplet is described by a real analytic superfield V ++ ((). 
The charged hypermultiplet is described by an analytic superfield Q + (() and its conjugate 
g+(C). The classical action for M = 2 SQED is 

Ssqed = ^2 / d4xd4 ° W2 ~J Q +V++ Q + ■ ( 6 - 3 ) 

Here W(z) is the M = 2 chiral superfield strength [36], d^" 4 -* denotes the analytic sub- 
space integration measure, and the harmonic (analyticity-preserving) covariant derivative 
is V ++ = D ++ ± \ V ++ when acting on Q + and Q + , respectively. The vector multiplet 
kinetic term in (6.3) can be expressed as a gauge invariant functional of V ++ [37]. 

Upon quantization in the background field approach [15], the quantum theory is gov- 
erned by the action (lower-case letters are used for the quantum superfields) 

Quantum = ^2 / ^ V ++ U V ++ - J Q + (V ++ + \ V ++ )q+ , (6.4) 

which has to be used for loop calculations. The relevant Feynman propagators [35, 15] 
are 

i(g + (CiH + (C 2 )> = ^{vtf{v+)U' 2 { Zl -z 2 )-±—, 

i(v ++ (d)v ++ ((2)} = -^5i 2 ' 2) (Ci,C 2 ) (6.5) 

= j£y 2 f^(Dt) 4 e i ^5*(9 1 -9 2 )8(- 2 > 2 \u 1 ,u 2 ) , 

(2 2) 

with 5 A ' (C1X2) the analytic delta-function [35], 

4 2 ' 2) (Ci,C 2 ) = (Df)U 12 ( Zl -z 2 )5^ 2 \ Ul ,u 2 ) . (6.6) 
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Here the two-point function p a is defined similarly to its Af = 1 counterpart (2.15). The 
covariantly analytic d'Alembertian [15] is 

□ = v m v m - Uv +a W)v- - Uv+W)v-* + Uv +a v+W)v— 

Zi "rr 

~[D +a ,T>~]W - VVW , (6.7) 
8 

where W = ±W when acting on q + and q + , respectively. The algebra of M = 2 gauge 
covariant derivatives T>a = (T> a , T> % al V?) = Da + IAa derived in [36] can be expressed in 
the form 

{V+,V+} = {V+,V+} = {v+,vp = , 

{V+,V-} = -{V+,VT} = 2iV at , , (6.8) 
{T£,Vj} = -2ie a pW , {V+,V $ } = 2ie^W , 

where P± = V* a uf and V% = V\ uf. 

Let us recall the argument given in [14] that no non-holomorphic quantum corrections 
of the form 

J d 12 zH(W,W) = J d 4 xd 8 6H(W,W) (6.9) 
occur at two loops. By definition, the two-loop effective action is 

Ttwo-ioop = dd ( ~ 4) / d d" 4) {v ++ (l)v ++ {2)) (g + (l)g + (2)) <g + (2)g+(l)> , (6.10) 
and it is generated by a single supergraph depicted in Figure 4. 




Figure 4: Two-loop harmonic supergraph 



Following [14], the crucial step is to lift the analytic subspace integrals to those over 
the full superspace, by representing, say, (g + (l)g + (2)) in the form 

<g+(l)g+(2)> = {Vtf {VtY A^\l,2) , A^\l, 2) = ± ^ ~f , (6.11) 
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and then using the standard identity 

J dC M) (D + ) 4 L(z,u) = j d 12 zduL(z,u) . (6.12) 

Since we are only after the quantum correction (6.9), it now suffices to approximate, in 
the resulting two-loop expression 

j d 12 Zl d Ul J d 12 z 2 du 2 {v ++ (l)v ++ (2))A^- 3 \l,2)(q + (2)q + (l)) , (6.13) 

the covariantly analytic d'Alembertian by a free massive one, 

ft r*D -WW. (6.14) 

Now, the part of the integrand in (6.13), which involves the Grassmann delta-functions 
and spinor covariant derivatives, becomes 

5 8 (#i - e 2 ) { - # 2 )} {(Di)\Dt) 4 5 8 (e l - e 2 )} , (6.15) 

and this expression is obviously zero. Therefore, one naturally concludes H (W, W) = 0. 

Unfortunately, there is a subtle loophole in the above consideration. The point is that 
upon removing the two factors of (-D+) 4 from the hypermultiplet propagator (6.11), in 
order to convert analytic integrals into full superspace integrals, we apparently end up 
with a more singular harmonic distribution, A( _3 ' _3 )(l, 2), than the original propagator. 
As a result, the expression (6.13) contains the product of two harmonic distributions 

^"^M^r < 616 > 

and such a product is ill-defined. To make the consideration sensible, we have to regularize 
the harmonic distributions S^~ 2 ' 2 ^ (m, u 2 ) and (ufu^) -3 from the very beginning. However, 
the analytic delta-function (6.6) is known to be analytic in both arguments only if the 
right hand side involves the genuine harmonic delta-function, see [35] for more details. 
With a regularized harmonic delta-function, however, one has to use a modified (but 
equivalent) expression for the analytic delta-function [35] 

4 2 ' 2) (Ci,C 2 ) = ^{DtYiDtYiD^fd^-z^^iu^u,) 

= ^- i (Dty(D^(Dn 2 S 12 (z 1 -z 2 )5^- 2 \u 1 ,u 2 ) . (6.17) 

This expression is good in the sense that it allows for a regularized nonsingular harmonic 
delta-function. But it is more singular in space-time than (6.6) - an additional source for 
infrared problems in quantum theory, as will be demonstrated shortly. 
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Using the alternative representation (6.17) for the analytic delta-function, we would 
like to undertake a second attempt to evaluate H(W,W). Let us start again with the 
expression (6.10) for r two _i oop in which the gluon propagator now reads 

i (v ++ (l) v ++ (2)) = -^- 2 (Dt) 4 W) 4 {Drf S 12 ( Zl - z 2 ) 5^- 2 \u u u 2 ) . (6.18) 

In contrast to the previous consideration, we now make use of the two factors of (-D + ) 4 
from (v ++ (1) v ++ (2)) in order to convert the analytic subspace integrals into ones over 
the full superspace, thus leaving the hypermultiplet propagators intact. Such a procedure 
will lead, up to an overall numerical factor, to 

J d 12 Zl d Ul J d 12 z 2 du 2 {j^5 12 ( Zl -z 2 )^ 

x 5( 2 '- 2 )( Ml , M2 )( J Dr) 2 {(? + (l)? + (2))(g + (2)g + (l))| . (6.19) 

This does not seem to be identically zero and, in fact, can easily be evaluated. The crucial 
step is to make use of the identity [34] 



(Pi)\ViY (6.20) 

, + ^2 ' 



= (vtr { (©r) 4 (utu+) - i A r Kut) - n, \ s"( Zl - Z2 ) , 



where 



A = V ah V~ a Vl + ^W(V') 2 + ^W(V-) 2 

+ (v-yv)v- + (t>-yv)f>- + Uvvw) . (6.21) 

If we are only after H(W,W), the covariantly analytic d'Alembertian can again be ap- 
proximated as in (6.14). Because of the Grassmann delta-function in the first line of 
(6.19), only the first term in the right-hand side of (6.20) may produce a non- vanishing 
contribution. With the harmonic identities 

(«M)|i=2 = , D--(uUt) = (u^u+) , («r«2 )li=2 = "I , (6-22) 
it can be seen that H(W, W) is determined by the momentum integral 

H(W, W)«f dV / crt (p , + ww){k ' +ww){f + k)i • (6.23) 
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The bad news is that this integral is both UV and IR divergent. This is the price one has 
to pay for having made use of the IR-unsafe representation (6.17). 

It is of course possible to regularize the integral (6.23) and, then, extract a finite part. 
Instead of practising black magic, however, we would like to present one more calculation 
that will lead to a manifestly finite and well-defined expression for H(W ) W). The idea 
is to take seriously the representation (6.10) and stay in the analytic subspace at all 
stages of the calculation, without artificial conversion of analytic integrals into those over 
the full superspace (and without use of the IR-unsafe representation (6.17)). Instead of 
computing the contribution (6.9) directly, in such a setup we should actually look for an 
equivalent higher-derivative quantum correction of the form 

J dC M) (D + ) 4 H(W, W) . (6.24) 

We are going to work with an on-shell M = 2 vector multiplet background 

D + D + W = 0. (6.25) 

In the analytic basis, the delta-function (6.6) can be represented as [35] 

5i 2 ' 2) (Ci,C 2 ) = 5\ Xl -x 2 ) {Ot - (uiu^9t) 4 S^ 2 \ Ul ,u 2 ) . (6.26) 

Let us use this expression for (^'^(Ci^) in the gluon propagator (v ++ (d) v ++ (( 2 )) , as 
defined in eq. (6.5), which appears in the effective action (6.10). It is obvious that 
the operator (l/^i) acts on 5 4 (xi — x 2 ) only. The Grassmann delta-function, (Of — 

(u~lu 2 )9 2 \ , can be used to do one of the Grassmann integrals in (6.10). Similarly, the 
harmonic delta-function, 5^~ 2,2 \ui, u 2 ), can be used to do one of the harmonic integrals 
in (6.10). As a result, the hypermultiplet propagators in (6.10) should be evaluated in 
the following coincidence limit: d\ = 9 2 and u± — u 2 . To implement this limit, it is 
again advantageous to make use of the identity (6.20). It is not difficult to see that only 
the second term on the right of (6.20) can contribute. Each term in the operator A , 
(6.21), contains two spinor derivatives. Taken together with the overall factor (£> + ) 4 in 
(6.20), we have a total of six spinor derivatives. But we need eight such derivatives to 
annihilate the spinor delta-function 5 s (9i — 6 2 ) entering each hypermultiplet propagator. 
Two missing derivatives come from the covariantly analytic d'Alembertian. Introducing 
the Fock-Schwinger proper-time representation 

I poo ^ 
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it turns out to be sufficient to approximate 

e isB w -(-Y {(D +a W)V- + (D+W)V-«\\ [s{n ~ Ww) . (6.28) 

After that, it only remains to apply the identity 

{D+Y {D- f 5\9 - 9>)\ e=e = 1 (6.29) 

in order to complete the D-algebra gymnastics. The remaining technical steps (i.e. the 
calculation of Gaussian space-time integrals and of triple proper-time integrals) are iden- 
tical to those described before in the Af = 1 case. Therefore, we simply give the final 
result for the quantum correction under consideration: 

e 2 



32(47r) 4 i ^ (WW) 2 2(47r) 4 i ^ 1 ' V > 

J d*xd 8 6 \nW \nW . (6.30) 



e 2 



2(4tt) 

Upon reduction to Af = 1 superspace, this functional can be shown to take the form (5.29) 
with the coefficient c equal to (5.30). The reduction to Af = 1 superfields is defined as 
usual: U\ = (x, 9 i: 9 j )\ e2= §2 =0 , for any Af = 2 superfield U. The Af = 1 components of W 
are 

$ = W| , -2i = D| W| . (6.31) 

Harmonic superspace still remains to be tamed for quantum practitioners, and the 
present situation is reminiscent of that with QED in the mid 1940 's. It is worth hoping 
that, as with QED, it should take no longer than half a decade of development for this 
approach to become a safe and indispensable scheme for quantum calculations in Af = 2 
SYM theories. 
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A Parallel displacement propagator 

In this appendix we describe, following [1], the salient properties of the N = 1 parallel 
displacement propagator I(z,z'). This object is uniquely specified by the following re- 
quirements: 

(i) the gauge transformation law 

I(z,z') -> e iT W/(z,/)e- iT ( / ' (A.l) 
with respect to an arbitrary gauge (r-frame) transformation of the covariant derivatives 

V A -> e iT ^V A e- iT{z) , r f = r , (A.2) 

with the gauge parameter t(z) being arbitrary modulo the reality condition imposed; 

(ii) the equation 

( A V A I(z,z') = ( A (D A + iA A (z))l(z,z>) = ; (A.3) 

(iii) the boundary condition 

I(z,z) = l. (A.4) 

These imply the important relation 

I(z,z')I(z',z) = l, (A.5) 

as well as 

( A V' A I(z,z') = ( A (D' A I(z,z f ) -H(z,z')A A (z')) = . (A.6) 
Under Hermitian conjugation, the parallel displacement propagator transforms as 

(l(z,z')y = I(z',z) . (A.7) 

For a covariantly constant vector multiplet, 

V a W p = 0, (A.8) 
the covariant differentiation of V A I(z, z') gives [1] 

V p$ I(z,z') = /(^^(-^^^(^-iC^^+iC^^) 

+ 1 c^ a v a w p (z') + 1 ^cn.w. ;(■-') 

23 



- I ( ( a T> a Wp(z) - i CpCV & W $ (z)) I(z, z') ■ (A.9) 
Vpl(z, z>) = I(z, z') (1 CV^,^') -ip^{|VV^(^) - 

+1 CiCpW^z') + ^{w^O + \cv a w p {z') - \( p V«W a (z')}) 

+ ^{VtyO*) - 1^"^) + ^V a W a (z)}) I(z,z') ; (A.10) 

= ( - ^ CV^^C*) - \ Prtim*) - \cv a w?{z)} - \ fefiweiz) 

-\( 2 {Wp(z) + \c*V*W0(z) - \tfP«m{z)}) I(z,z') . (A.ll) 
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